Vacuum magnetic birefringence (VMB) is a nonlinear electromagnetic effect predicted by QED. In addition to seeing the effect from QED, it is also possible for the measurement to probe the dark sector. VMB as predicted by QED is parity conservative, but the effect from the dark sector can be parity violative. To pursue this possibility, we calculated the effect from the dark sector with the generalized Heisenberg-Euler effective Lagrangian that is applicable to parity-violating theories in the weak and homogeneous field limit.
Introduction
So far, experimental results have agreed well with the standard model (SM), which is based on a SU(3) C × SU(2) L × U(1) Y gauge theory. Unfortunately, even with the LHC operating at 13 TeV, no clear evidence of physics beyond the standard model has emerged. There are, however, a number of phenomena which do not appear to arise from the SM. Examples include the mass stability of the Higgs particle, mixing of quarks and leptons (including neutrinos), baryon asymmetry, dark matter, and dark energy. These give ample motivation for searches for physics beyond the SM.
In this paper, we focus on possible dark sectors (DS), collections of fields whose couplings with SM particles are extremely weak, and whose corresponding particles represents dark matter. To probe such a sector with ordinary SM matter, we must use observable processes which receive corrections from diagrams involving virtual DS particles. Vacuum magnetic birefringence (VMB) is a good candidate process as it receives no tree-level contributions from QED. High precision is needed to probe the higher order process with virtual particles. We study the contribution from virtual DS fermion pairs in this process using the Heisenberg-Euler effective Lagrangian. Two conditions should be satisfied to apply this: One is that the rate at which the field varies times Planck constant h should be smaller than the energy of the mass of the lightest particle considered in the loop,
The other one is that the coupling of the applied field with the virtual particle considered should be weaker than the square of the the mass of the lightest particle.
where ǫe is a coupling constant of the field and the particle. In this paper, we consider interactions of a photon about hν laser = 1 eV with an external magnetic field about |B| = 10 Tesla. Both of the conditions above are satisfied in QED and in the dark sector theory as we will outline in detail in Sec. 3 and 4. Several experiments (BMV [1] , PVLAS [2] , and OVAL [3] ) aim to measure VMB by observing this change in a laser's ellipticity. Even though we assume the magnetic field is perfectly homogeneous in this paper, our discussions are applicable to the actual experiments, as laboratory magnetic fields are perfectly approximated as constant on length scales of the Compton wavelength λ C = h/(mc). These experiments intend to see the O(α 2 ) corrections (α is the fine structure constant in QED), which exist in the effective action of the electromagnetic field, by observing the change of polarization of the laser beam in a strong magnetic field. The lowest order contribution from QED contains loops in the diagram and is quite small, while that from the DS could be large. Although the DS gauge boson is produced virtually in VMB process, the sensitivity for the DS does not depend on the mass of the DS photon. * "Birefringence" occurs when different polarizations of light have different refractive indices. For example, let n be the refractive index for the polarization vector ǫ which is parallel to the external magnetic field B and n ⊥ be the other refractive index for the polarization vector ǫ ⊥ which is perpendicular to the field.
Since the refractive index n and the phase velocity v of light are inversely related as n · v = 1(= c) (we use natural units hereafter), the difference of the refractive indices induces a phase shift between the two polarizations and changes the polarization of the light. QED predicts birefringence in the presence of a magnetic field,
where m e is the mass of an electron and the subscripts refer to the angle between the polarization and the magnetic field. (Note that we neglect the small contributions from particles heavier than the electron) [5, 6, 7, 8] . Two polarizations of light, ǫ and ǫ ⊥ , at wavelength λ will therefore pick up a phase difference Ψ of
after traveling a distance L through the field.
The phase shift Ψ is of order α 2 , as can be seen in Eq. (3) above. Assuming B = 1 Tesla, the magnitude of birefringence is ∆n = 4.0 × 10 −24 , which is as small as the distortion from gravitational waves. Thought the effect is tiny and
has not yet been observed, recently development of high finesse (more than 10 5 )
Fabry-Pérot resonators as well as strong magnetic fields of 10 Tesla significantly enhanced the sensitivity of VMB searches. The VMB experiments are now at the stage where they would need a improvement in sensitivity of 20-500 to observe VMB.
Note that light-shining-through-a-wall experiments are similar types of experiments to VMB and have sensitivity on minicharged particles that couple to photon when the mass of the minicharged particle is less than the energy of the photon [9, 10] . In our case, we consider the exclusion limit to particles that have larger mass than the energy of the probe photon. LSW experiments and VMB experiments are complementary in search of new particles.
The formula in Eq. (3) can be derived using the QED effective Lagrangian
found in 1936 by W. Heisenberg and H. Euler [4, 11] :
Here,
where the dual field strength is defined byF µν ≡ 1 2 ǫ µνλρ F λρ , and ǫ µνλρ is a totally anti-symmetric tensor with ǫ 0123 = 1. The first term in Eq. (5) is the usual kinetic contribution from our gauge fields. The second term and third term induce VMB (See also [12, 13, 14, 15] ). We know that parity is a symmetry of QED, but a DS might not have this symmetry. Consequently, Eq. (5) needs to be generalized to include parity-violating terms. We do this below, following another work, "Generalized Heisenberg-Euler (H-E) formula" [16] . In this paper we establish a DS model in which the DS contribution to VMB is of the same kind as that of QED. In order to exemplify our method for probing the DS, we introduce a scalar field having both hypercharges of the SM and that of the DS. As a result, the mixing between the real photon and the U(1) hypercharge gauge boson B ′ µ in the DS is introduced. We also explore the interesting case in which the DS contribution to VMB differs qualitatively from that of QED, making the two separable. We study such a model, apply the generalized Heisenberg-Euler formula to it, and study how the magnetic birefringence effect behaves. In the course of this study, we propose a new experiment using a "ring resonator", which is more effective than the conventional Fabry-Pérot resonator to detect parityviolating effects.
Generalized Heisenberg-Euler formula
In this section, we review the generalized Heisenberg-Euler (H-E) formula for a model in which a fermion field ψ(x) couples to a gauge field A µ (x) in a general way, with a vector coupling g V and an axial vector coupling g A . This formula is applicable to parity violating models in general. The action for this model is
which gives an effective action
Following faithfully the derivation by J. Schwinger [17] of the effective action in the proper-time formalism [19] , with a small simplification in terms of the path integral [18] , the following results are obtained in [16] , which gives the leading order contribution in the perturbative limit, corresponding to the effective interaction of four A fields:
The original H-E formula Eq. (5) is reproduced with g V = −e and g A = 0. In case of V+A or V-A interactions, we set g A = ±g V , respectively, and we have
, and
Here, F 2 and G 2 are symmetric under a parity transformation (transformation with respect to the space inversion, x → −x) while F G is not. The coefficients a and b describe the usual parity conserving effects, while c gives the parity violating component. Also, note that the contribution of F G in the effective action is purely imaginary. Using the above effective action with the constants (a, b, c), we can estimate the refractive indices n and n ⊥ (see Section 4).
Dark Sector Model
The DS (dark sector) is a sector which interacts weakly with SM particles. Experimental restrictions on the DS are not strong, so various models can be constructed. In order to achieve renormalizability in the DS, the DS theory needs to be anomaly-free. We use Eq. (7) as the DS action. Hereafter, we add primes to DS fields, coupling constants, and masses (e.g.
and m ′ ). Rewriting the DS
Lagrangian according to this convention, we have
An anomaly arises from a three point function of the gauge fields. A convenient way to discuss this is to decompose the fermion field into right-handed one ψ R and left handed one ψ L . They are defined as
In this expression, the Lagrangian above is written as, are the charges of R-and L-handed fermions respectively, defined by
. Right-handed and left-handed fermions contribute to this anomaly with opposite signs. Therefore, the anomaly cancellation condition is
where "i" is introduced to represent different species of fermions in general. We can generate a variety of anomaly-free models in which gauge fields couple A ′ µ (x) to the DS in a general way.
The magnitude of VMB could be affected by the presence of a dark sector when A ′ couples to the photon. While kinetic mixing is usually used [20] , we proceed here with the simpler mass mixing since the discussion can be done at tree level with this approach. (A similar discussion is possible using the kinetic mixing obtained from one-loop corrections. See the footnote.)
Here we introduce a scalar field, S(x), which couples to the SM U(1) Y gauge field B µ (x) as well as to the DS U(1)
If S takes a vacuum expectation value S = v s / √ 2, then the gauge fields B µ (x) and B ′ µ (x) mix as follows:
Since the DS should not change the parameters in the SM so much, we assume the mixing parameter ε, defined in the following, is extremely small,
Then we have
with appears in the mass part of the Lagrangian,
where α ′ = 4(m B ′ /v) 2 and v is the vacuum expectation value of the SM Higgs.
The mass eigenstates are denoted with a tilde as (Ã,Z,B ′ ), and the corresponding masses squared are
2 , and (24)
The W ± fields are not modified by the introduction of the mixing, so m
as usual. Thus
The mass eigenstateÃ µ can be expressed as
The real photon is the diagonalizedÃ µ , and this is the modified SM photon.
The modified photon can convert to the DS gauge boson B ′ µ , with a mixing parameter χ
where cos
This mixing parameter comes in each conversion from real photon to the DS U(1)
The effective action of DS fermions coupled to the modified SM photon can be written as ‡
The coefficients (a, b, c) are given in Eqs. (10) is the largest, and thus we apply this calculation to the lightest fermion explicitly later. The mixing parameter χ and the DS gauge boson mass mB ′ are restricted by various experiments [21] [22]. Figures 1 and 2 in [21] show that the parameter space not excluded by the experiments they consider is as follows:
Other constraints come from the modification of SM parameters, which arises from the mixing with the real world and the DS. To do this we have to know the mass eigen-state ofZ, which is
The DS modifies the value of Weinberg angle θ W , see also Eq. (26) . The Weinberg angle in our modelθ W is
This should be consistent, to within the experimental error of O(10 −4 ) (on-shell scheme), with the SM value. By using Eq. (26) and the typical values from standard model, v ≃ 246 GeV, g 1 ≃ 0.344, and g 2 ≃ 0.641, we get the limit on the mixing parameter χ as
Thus, the constraint from the SM is not strong. If we take m B ′ = 1 GeV, even the maximum value of the mixing parameter χ = 10 −3 can satisfy the constraints on the weak interaction of the SM. The constraints from Eq. (31) are much stronger than that from the Weinberg angle. The fermion mass term violates the gauge symmetry
Therefore, the fermion mass should be generated via the spontaneously breakdown of the gauge symmetry. We introduce a "Higgs field" S(x) and consider the gauge invariant Lagrangian for a fermion with Yukawa coupling y to the Higgs field,
Assume the Higgs field S has charge
L S is gauge invariant and the fermion mass m is generated spontaneously by the vacuum expectation value of φ as m = y S = yv S .
Therefore, the generalized H-E formula can be applied to the various models of DS with the help of the spontaneous breaking, and it can handle the components of the full effective action of the models. The main contribution to the effective action comes from a fermion with the smallest mass in the DS, which might be neutrino-like fermions. At this point we surely recognize that it is an interesting possibility for the DS to mimic the SM: the DS has the same gauge group SU(3) [25, 26] . See a comprehensive review on DS [22] .
This model is manifestly anomaly free. Here, we assume that the lightest fermion is the dark electron-type neutrino "ν ′ e ", and no neutrino mixing appears in the DS for simplicity. Then the lightest dark particle (LDP) is ν ′ e '. It couples to the Z ′ gauge boson in the DS with a V-A coupling, namely
where the right-handed neutrino field N ′ R is introduced and the neutrino mass is considered to be Dirac. If the DS is like this, then the VMB experiment is quite interesting. The DS neutrino mass m ν ′ can be much lighter than the electron in QED, and its coupling to Z ′ is V-A in nature and violates parity symmetry.
The generalized H-E formula works well and the obtained parity-violating result differs from that of parity-conserving QED. In this case, the effective Lagrangian, including the mixing between Z ′ and B ′ , is
where 
the smallness of the mixing parameter can be compensated for by the smallness of the DS neutrino mass. Hence the DS neutrino with a mass of eV or keV could be an interesting target for the vacuum magnetic birefringence experiment. In addition, as for the mass of the dark photon m B ′ , since the mass does not appear in the observables, the parameter region where m B ′ ≈ 1 GeV and χ < 10 −3 − 10 −4 is possible. This is the region of the unified DM [27] , which can explain a number of astrophysical experiments in a single theory. Therefore, the VMB experiment is sensitive to the scenario where the unified DM model has an LDP with 10-1000 eV and the heavier one with ≈ 800GeV, via the see-saw like mechanism.
Probe of Dark Sector via Vacuum Magnetic Birefringence experiments
The effect from the DS Lagrangian also appears as changes in the refractive indices of the vacuum in the presence of an external magnetic field. We consider the propagation of photons, with an energy of about 1 eV, in a magnetic field about 10 Tesla. When an external magnetic field is applied perpendicularly to the propagation axis of the light, the eigenvectors of the polarization vector are ǫ + or ǫ − , which are given in Appendix. Their refractive indices are given by
See the Appendix for the detailed calculations. The constants (a, b, c) are sums of the contribution from QED and that from DS.
where the subscripts "QED" and "DSν ′ " represent the contribution from the two Lagrangian. The contribution from QED is given by Eqs. (10)- (12) with g V = −e and that from DS is given by the same equations by replacing the mass m and coupling constants g A and g V by those in the DS Lagrangian and multiplying by χ 4 , see also Eq. (13). We consider several DS neutrino masses where the condition Eq. (1) and Eq. (2) hold. Note that the coupling coefficient ǫ in Eq. (2) is χ in this case.
Whether the refraction constant n is real or complex is determined by a dis-
The region in which D > 0 can be numerically estimated as |x| < 0.137935 and |x| > 1.43005. For QED, x = 0 and n is real, while for the V-A theory of "ν ′ e " neutrino , x = −1 and the refractive indices have imaginary parts. In the SM mimic model for the DS, x is given for the particle with the third component of isospin I ′ 3 and the charge Q ′ as
Polarization change in a Vacuum Magnetic Birefringence configuration
Here, we discuss the propagation of light in an external magnetic field B in both cases: D > 0 and D < 0. We consider the effect of magnetic field up to O(|B| 2 ). In the following discussions, the polarization vector parallel to the magnetic field is denoted by ǫ , and the one perpendicular to the magnetic field is denoted by ǫ ⊥ . The eigenvectors ǫ ± can be calculated as
The refractive indices are given by Eqs. (42).
In a VMB experiment, the polarization of light is aligned to be at an angle of 45
• or −45
• from the direction of the external magnetic field, ǫ(45
and ǫ(−45
The polarization vectors, after a distance L though the magnetic field, can be written as
Here, Ψ and φ are defined as
and θ is defined, only when D < 0, as
where λ is the wavelength of the laser beam. Note that the term sgn (c) gives 1 when c > 0 and −1 when c < 0. After going through the magnetic field, the light acquires ellipticity
sin Ψ/ cos(Ψ + 2φ) for
Here, ǫ i is the initial injection polarization vector. These reproduce the QED predicted VMB with g V = −e and g A = 0.
We define an ellipticity parameter k 1 as
where the (ellipticity) is given in one of Eqs. (56)-(59). Current experimental sensitivity for k 1 is 4.8 × 10 −23 (T −2 ), 12 times worse than the QED predicted value. From this result, we can get a limit on the mixing parameter χ described in section 3. Figure 1 shows the calculated value of birefringence given in Eqs. (56)- (59) as a function of the mixing parameter χ. We assume the coupling constant in DS is the same as that in the SM g . From this figure, the experimental limit on the mixing parameter χ can be given as
A new experimental scheme to observe parity violation directly
The effect of parity violation appears as φ or θ. The traditional experimental scheme for measuring VMB, described above, measures the ellipticity as Eqs.
(56)-(59) and deduces the magnitudes of φ and θ. Since QED itself induces VMB, experiments of this type always have the QED effect as background. An experimental scheme in which no signal appears within the QED Lagrangian while parity-violating effects appear is desired. This means that any signal can be attributed specifically to parity-violating effects. Here, we propose a new experimental scheme to achieve this. Figure 2 shows the new experimental scheme. ǫ i is the input polarization state and ǫ f is the polarization state which is perpendicular to the initial state and does not appear from the QED Lagrangian. The conventional VMB experimental scheme is also shown in the figure for comparison. There are two major difference between the traditional scheme and our new design, which are described in the following chapter. 
Figure 2: A schematic of the conventional VMB setup and the new design. The major difference is the input polarization of the laser and the Fabry-Perot resonator. In our scheme, the input polarization of the laser is aligned to be parallel or perpendicular to the magnetic field, and the four-mirror Fabry-Perot resonator is used to amplify the parity violation signal.
Polarization of the laser
The polarization of the injection light, ǫ i , is aligned parallel or perpendicular to the direction of the magnetic field, ǫ or ǫ ⊥ . In this configuration, the polarization vector, after going through the magnetic field, can be calculated as
The QED Lagrangian only gives g V = −e and g A = 0; thus φ = 0. The component perpendicular to the initial vector does not appear after going through the magnetic field. On the other hand, the parity violation effect appears as the real part. If we can detect the perpendicular component in this situation, that would be direct evidence for parity violation.
One important feature of this configuration is that the perpendicular signal appears as a real number, not as an imaginary number as in the usual VMB configuration (compare Eqs. (48), (49) with Eqs. (62), (63)). This effect appears in the shape of the output polarization. Up to order Ψ, the output polarization from the new scheme is linear with its polarization axis rotated, while that for the conventional scheme is elliptical with its major axis the same. The polarization rotation can also be detected with the same order of sensitivity as well as birefringence, which is used and described in detail in [2] . Using this configuration, one can measure the magnitude of polarization rotation with a same sensitivity as usual VMB.
Ring Fabry-Pérot resonator
A major method used in a conventional VMB experiment is to use a two mirrors Fabry-Pérot resonator to enhance the interaction length L about by a factor of The ring Fabry-Pérot resonator consists of four mirrors. This type of resonator can accumulate and rotate the light in one direction, clockwise or counterclockwise. This property ensures that the signs of polarization vectors are maintained in a round trips, ǫ → ǫ and ǫ ⊥ → ǫ ⊥ , as depicted in Fig. 2 . This type of Fabry-Pérot resonator can enhance the magnitude of the signal by about a factor of its finesse F .
Sensitivity of the new setup
Based on the new setup, we calculate the expected sensitivity. We define polarization rotation parameter k 2 as
where the (polarization rotation) is given from either Eqs. (62)-(63). The current experimental limit on k 1 is 12 times worse than the QED predicted value. From this result, we can obtain a limit on the mixing parameter χ, described in section 3. Figure 3 shows the calculated size of the polarization rotation k 2 as a function of the mixing parameter χ. As in Figure 1 , we assume the coupling constant in DS is the same as that in the SM g 
Conclusion
We examined the possibility of probing effects from dark sector using a vacuum magnetic birefringence experiment. The effect from the DS can be in general violate parity conservation. Since the magnitude of birefringence is inversely proportional to the fourth power of mass, the contribution from the dark sector can be as large as the effect from QED. What is more, since the sensitivity of the VMB experiment does not depend on the mass of the DS photon, it can address the unified DM region, which explain many astrophysical experiments. The sensitivity based on the current experimental limit are also estimated, and a new scheme that can directly observe the parity violation effect is proposed. 
This reproduces the ordinary Heisenberg-Euler results in QED.
Using the calculations here, we can discuss generally the vacuum birefringence effects with vector and axial vector couplings. Note that in general, parity (P) can be violated, which introduces the third term icF G into the effective Lagrangian. This term preserves the charge conjugation symmetry (C), but violates P, CP and the time reversal symmetry (T ), while the CPT symmetry is still conserved.
